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We prove analogies of the classical Gagliardo–Nirenberg inequalities
∥∥∇k f ∥∥s  C‖ f ‖1−
k
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q
∥∥∇m f ∥∥ kmp ,
when usual Lp norms are replaced by variable Lp(·) norms.
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1. Introduction
Gagliardo–Nirenberg interpolation inequalities
∥∥∇k f ∥∥s  C‖ f ‖1−
k
m
q
∥∥∇m f ∥∥ kmp , (1.1)
where f ∈ C∞0 (Rn), 1s = (1− km ) 1q + km 1p , and ∇l f = {Dα}|α|=l, play an important role in a priori estimates in linear and non-
linear PDEs and their applications to the regularity theory. The idea of obtaining information about intermediate derivatives
by using properties of a higher derivative and the function itself goes back to Hadamard and Landau [5,6]. It was developed
by Kolmogorov [8], who ﬁrst derived (1.1) type inequalities with the supremum norms (one variable). This result has been
extended by Stein [7] to Lp norms (one variable) and Nirenberg [3,4] and independently Gagliardo [2] to the case of Lp
norms in several variables. As Nirenberg and Gagliardo are recognized to contribute to the most general form (1.1), such
inequalities are usually called Gagliardo–Nirenberg inequalities. Recently, the Gagliardo–Nirenberg inequalities have been
sharpened and extended in different directions. In particular, we mention the works [1,9,10,19,20]. Note that, interpolation
inequalities in a more general form than (1.1) with other norms
∥∥∇k f ∥∥Z  C‖ f ‖1−
k
m
X
∥∥∇m f ∥∥ kmY
are of particular interest. In the case when all the norms are taken within a single Orlicz space Bang [10] have obtained
versions of Kolmogorov–Stein inequality for a one-variable function. Kalamajska and Pietruska-Paluba [9] have obtained
multidimensional additive and multiplicative Gagliardo–Nirenberg inequalities for k = 1, m = 2 with possibly distinct Orlicz
norms.
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T. Kopaliani, G. Chelidze / J. Math. Anal. Appl. 356 (2009) 232–236 233The Lebesgue spaces Lp(·)(Rn) with variable exponent and the corresponding variable Sobolev spaces Wk,p(·) are of inter-
est for their applications to modelling problems in physics, and to the study of variational integrals and partial differential
equations with non-standard growth condition (see [11]).
Let B(x, r) denote the open ball in Rn of radius r and center x. by |B(x, r)| we mean n-dimensional Lebesgue measure
of B(x, r). The Hardy–Littlewood maximal operator M is deﬁned on locally integrable function f on Rn by the formula
Mf (x) = sup
r>0
1
|B(x, r)|
∫
B(x,r)
∣∣ f (y)∣∣dy.
By B(Rn) denote the class of all exponents p(·) for which the operator M is bounded on Lp(·)(Rn). The boundednees of
the maximal operator M in Lp(·)(Rn) implies that p− > 1. (Below we will denote p− = ess inf p(·) and p+ = ess sup p(·).)
Note that it is possible p+ = ∞ and p(·) ∈ B(Rn).
In harmonic analysis a fundamental operator is the Hardy–Littlewood maximal operator M . In many applications a crucial
step has been to show that operator M is bounded on a variable Lp space. Note that many classical operators in harmonic
analysis such as singular integrals, commutators and fractional integrals are bounded on the variable Lebesgue space Lp(·)
whenever the Hardy–Littlewood maximal operator is bounded on Lp(·)(Rn). Conditions for the boundedness of the maximal
and singular operators on spaces Lp(·)(Rn) have been studied in [12–17].
In this paper, we prove Gagliardo–Nirenberg type inequalities for variable exponent Lebesgue spaces. Namely we prove
the following
Theorem 1.1. Let k,m be integers, 0< k <m and p(·),q(·) ∈ B(Rn). Then there exists a positive constant C such that
∥∥∇k f ∥∥s(·)  C‖ f ‖1−k/mq(·)
∥∥∇m f ∥∥k/mp(·) , (1.2)
where 1s(·) = km 1p(·) + (1− km ) 1q(·) .
In case p(·) = q(·) and 1 < p−  p+ < ∞ Theorem 1.1 was proved by Zang and Fu in [20]. The method of our proof
is based on the well known pointwise multiplicative inequalities for derivatives and on some properties of Calderon–
Lozanovskii interpolation spaces. The method could be used to obtain analogous statements for Orlicz spaces.
Finally, C will denote positive constant depending only on unessential parameters, but whose value may change at each
appearance.
2. Calderon–Lozanovskii interpolation spaces and Gagliardo–Nirenberg inequalities
By S we denote the collection of all real-valued measurable function on Rn. A Banach subspace E in S is said to be
Banach function space (BFS) if:
(1) the norm ‖ f ‖E is deﬁned for every measurable function f and f ∈ E if and only if ‖ f ‖E < ∞, ‖ f ‖E = 0 if and only if
f = 0 a.e.;
(2) ‖| f |‖E = ‖ f ‖E for all f ∈ E;
(3) if 0 f  g a.e., then ‖ f ‖E  ‖g‖E ;
(4) if 0 fn ↑ f a.e., then ‖ fn‖E ↑ ‖ f ‖E ;
(5) if X is measurable subset of Rn such that |X | < ∞ and χX is characteristic function of X, then ‖χX‖E < ∞;
(6) for every measurable set X , |X | < ∞, there is a constant CX < ∞ such that
∫
X f (t)dt  CX‖ f ‖E .
Given a Banach function space E its associate space E ′ is a space consisting of those g ∈ S that f · g ∈ L1 for every f ∈ E
with the norm ‖g‖E ′ = sup{‖ f · g‖L1 : ‖ f ‖E  1}. E ′ is a BFS on Rn and a closed norming subspace of conjugate space E∗ .
Recall that if (E, F ) is a couple of Banach function spaces on Rn and U denotes the set of all concave and positive,
nondecreasing continuous functions in each variable, homogeneous of degree one functions ϕ : R+ × R+ → R+ such that
ϕ(0,0) = 0, then the Calderon–Lozanovskii space ϕ(E, F ) consists of all f ∈ S such that | f |  λϕ(|g|, |h|) a.e., for some
g ∈ E , h ∈ F , with ‖g‖E , ‖h‖F  1. The space ϕ(E, F ) is a BFS equipped with the norm
‖ f ‖ϕ(E,F ) = inf
{
λ > 0; | f | λϕ(|g|, |h|), ‖g‖E ,‖h‖F  1}.
In the case of the power function ϕ(s, t) = s1−θ tθ with 0< θ < 1 we obtain the space E1−θ F θ introduced by Calderon. Note
that if E = F then ϕ(E, F ) = E with equivalent norms. According Calderon’s theorem the dual of space E1−θ F θ is the space
E ′1−θ F ′ θ with equivalent norms (see [21]). If the spaces E , F are separable then E1−θ F θ = [E, F ]θ (see [23]).
It is easy to see that if ϕ is an Orlicz function (i.e. ϕ : [0,∞) → [0,∞) is a convex continuous function which takes value
zero only at zero), then the Calderon–Lozanovskii space ψ(E, L∞(Rn)) with ψ(s, t) = tϕ−1(s/t) for t > 0 and ψ(s, t) = 0 if
t = 0 coincides isometrically with the Banach function space
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{
f ∈ S; ϕ(| f |/λ) ∈ E for some λ > 0}
equipped with norm
‖ f ‖Eϕ = inf
{
λ:
∥∥ϕ(| f |/λ)∥∥E  1}.
Let ϕi , i = 1,2 be a Orlicz functions and ϕ∗i , i = 1,2 be the complementary functions of ϕi , i = 1,2. If the functions
ϕi , ϕ∗i , i = 1,2 satisfy the 
2 condition, then for Orlicz spaces Lϕ1 , Lϕ2 we have (Lϕ1 )1−θ (Lϕ2 )θ = Lϕ, where ϕ−1(·) =
(ϕ−11 (·))1−θ (ϕ−12 (·))θ (see [21,22]).
Let f be a function on Rn such that its distributional derivatives of order m are locally summable. By ∇m f we mean the
gradient of f of order m, i.e.
∇m f = {∂α1x1 · · · ∂αnxn f }, α1 + · · ·αn =m,
where ∂x j is partial derivative. The Euclidian length of ∇m f will be denoted by |∇m f |.
We prove the following
Theorem 2.1. Let k,m be integer 0< k <m and the Hardy–Littlewood maximal operator be bounded on spaces E and F , then
∣∣∣∣∣∣∇k f ∣∣∣∣∣∣E1−k/m Fk/m C‖ f ‖1−
k
m
E
∣∣∣∣∣∣∇m f ∣∣∣∣∣∣ kmF , ∀ f ∈ C∞0 (Rn). (2.1)
Proof. An important role in proof of Theorem 2.1 will play the pointwise interpolation inequalities for derivatives (see [1,9]),
where a pointwise value of the maximal function of an intermediate derivative is estimated in terms of maximal functions
of the function and its relevant derivatives. Indeed, let k, l and m be integers, 0  l < k < m. Then there exists a positive
constant C such that for f ∈ C∞0 (Rn)
∣∣∇k f (x)∣∣ C(M∣∣∇l f (x)∣∣)m−km−l (M∣∣∇m f (x)∣∣) k−lm−l , x ∈ Rn. (2.2)
Let l = 0. Denote
f1(x) = Mf (x)‖Mf ‖E , f2(x) =
M|∇m f (x)|
‖M|∇m f |‖F and f3(x) =
|∇k f (x)|
A1−k/mBk/m
where A = ‖Mf ‖E and B = ‖M|∇m f |‖F . From (2.2) we deduce
∣∣ f3(x)∣∣ C∣∣ f1(x)∣∣1−k/m∣∣ f2(x)∣∣k/m where ‖ f1‖E = ‖ f2‖F = 1,
and consequently ‖ f3‖E1−k/mFk/m  C . From the last inequality we obtain desired result:
∣∣∣∣∣∣∇k f ∣∣∣∣∣∣E1−k/m Fk/m C‖Mf ‖1−k/mE
∥∥M∣∣∇m f ∣∣∥∥k/mF  C‖ f ‖1−k/mE
∣∣∣∣∣∣∇m f ∣∣∣∣∣∣k/mF . 
Remark. Note that the inequality (2.1) is equivalent to the following inequality
∣∣∣∣∣∣∇k f ∣∣∣∣∣∣E1−k/m Fk/m C(ε−m/m−k‖ f ‖E + εm/k
∣∣∣∣∣∣∇m f ∣∣∣∣∣∣F ), ∀ε > 0. (2.3)
Indeed, assume that (2.1) is satisﬁed, then
‖ f ‖1−k/mE
∣∣∣∣∣∣∇m f ∣∣∣∣∣∣k/mF = (ε−m/m−k‖ f ‖E)1−k/m(εm/k
∣∣∣∣∣∣∇m f ∣∣∣∣∣∣F )k/m  ε−m/m−k‖ f ‖E + εm/k
∣∣∣∣∣∣∇m f ∣∣∣∣∣∣F .
and (2.3) holds. Conversely let (2.3) be satisﬁed. Now we seek to choose ε to minimize the right-hand side of (2.3), a good
choice of ε is such that
εm
2/k(m−k) = ‖ f ‖E|||∇m f |||F
witch makes both summand equal in right side of (2.3). Setting this ε in (2.3) we obtain inequality (2.1).
Let m be a noninteger number with [m] and {m} denoting respectively its integer and fractional parts. Let
(Dp,m)(x) =
( ∫
Rn
∣∣∇[m]u(x) − ∇[m]u(y)∣∣p |x− y|−n−p{m} dy
)1/p
,
where 1 p ∞.
This function is important because its Lp norm is a seminorm in the fractional Sobolev space W p,m(Rn). The fractional
generalization of (2.2) is the following pointwise interpolation inequalities for derivatives (see [1]):
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∣∣∇k f (x)∣∣ C(M∣∣∇l f (x)∣∣)m−km−l (Dp,mu(x)) k−lm−l , x ∈ Rn. (2.4)
(2) Let k,m be integers and l be noninteger, 0< l < k <m. Then for f ∈ C∞0 (Rn)
∣∣∇k f (x)∣∣ C(Dp,lu(x))m−km−l (M∣∣∇m f (x)∣∣) k−lm−l , x ∈ Rn. (2.5)
(3) Let k be integer and l,m be noninteger, 0< l < k <m. Then for f ∈ C∞0 (Rn)
∣∣∇k f (x)∣∣ C(Dp,l f (x))m−km−l (Dp,m f (x)) k−lm−l , x ∈ Rn. (2.6)
If we apply the same arguments as in Theorem 2.1 then from (2.4)–(2.6) we may obtain inequalities of the same nature
as (2.1).
Note that if operator M is bounded in spaces E and F then it is bounded in Eϕ and Eψ spaces for any Orlicz functions
ϕ , ψ (see [21]), and consequently we have
Corollary 2.2. Let Hardy–Littlewood maximal operator be bounded on spaces E and F . Then for Orlicz functions φ , ϕ
∣∣∣∣∣∣∇k f ∣∣∣∣∣∣
E1−k/mφ F
k/m
ϕ
 C‖ f ‖1−
k
m
Eφ
∣∣∣∣∣∣∇m f ∣∣∣∣∣∣ kmFϕ , ∀ f ∈ C∞0
(
R
n).
3. Gagliardo–Nirenberg inequalities in variable exponent Lebesgue spaces
By the symbol P(Rn) we denote the family of all measurable functions p(·) : Rn → [1,∞]. We deﬁne
Φ(x, t) =
⎧⎨
⎩
t p(x) for 1 p(x) < ∞,
0 for p(x) = ∞, t ∈ (0,1],
∞ for p(x) = ∞, t ∈ (1,∞).
The variable exponent modular is deﬁned for measurable function f by
p(·)( f ) =
∫
Rn
Φ
(
x,
∣∣ f (x)∣∣)dx.
The Lebesgue space with variable exponent Lp(·)(Rn) is deﬁned as the set of all measurable functions on Rn such that, for
some λ > 0, p(·)( f /λ) < ∞, equipped with the norm
‖ f ‖p(·) = inf
{
λ > 0; p(·)( f /λ) 1
}
.
Remark. If p+ = ∞ and if we will use modular ρp(·)( f χp(·)<∞)+‖ f χp(·)=∞‖∞, we obtain the same space up to equivalence
norm.
Proof of Theorem 1.1. First note that p−,q− > 1. Let p′(·), q′(·) be the conjugate exponents of p(·) and q(·) (note that
if p(t) = ∞ then p′(t) = 1). We have 1  p′−  p′+ < ∞, 1  q′−  q′+ < ∞ and 1  s′−  s′+ < ∞. The spaces Lp′(·)(Rn),
Lq
′(·)(Rn) are separable (see [18]) and consequently
[
Lq
′(·)(
R
n), Lp′(·)(Rn)]k/m = (Lq′(·)(Rn))1−k/m(Lp′(·)(Rn))k/m. (3.1)
If p′− > 1 and q′− > 1 using complex interpolation method (see [22]) we obtain[
Lq
′(·)(
R
n), Lp′(·)(Rn)]k/m = Ls′(·)(Rn). (3.2)
Below we prove (3.1) and (3.2) without conditions q′−, p′− > 1.
From (3.1) (3.2) and the above mentioned Calderon’s theorem we have
(
Lq(·)
(
R
n))1−k/m(Lp(·)(Rn))k/m = Ls(·)(Rn).
Using Theorem 2.1 we obtain desired result. 
Proposition 3.1. Let 1 p−  p+ < ∞ and 1 q−  q+ < ∞. Then for 0<α < 1
(
Lp(·)
(
R
n))1−α(Lq(·)(Rn))α = Ls(·)(Rn), (3.3)
where 1 = 1−α + α , t ∈ Rn.s(t) p(t) q(t)
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∫
Rn
| f (t)|s(t) dt  1 we have ‖ f (·)s(·)/p(·)‖p(·)  1 and | f (·)s(·)/q(·)‖q(·)  1. Note that | f (x)| =
(| f (x)|s(x)/p(x))1−α(| f (x)|s(x)/q(x))α and consequently f ∈ (Lp(·)(Rn))1−α(Lq(·)(Rn))α with norm not exceed 1.
Now suppose f ∈ (Lp(·)(Rn))1−α(Lq(·)(Rn))α with norm equal one. For any ε > 0, there exist g ∈ Lp(·)(Rn) and h ∈
Lq(·)(Rn) such that ‖g‖p(·), ‖h‖q(·)  1 and | f | (1 + ε)|g|1−α |h|α. Applying Hölder’s inequality with conjugate exponents
p(·)/(1− α)s(·) and q(·)/αs(·) yields∫
Rn
∣∣ f (t)∣∣s(t) dt  2(1+ ε)s+∥∥g(·)(1−α)s(·)∥∥p(·)/(1−α)s(·)
∥∥h(·)αs(·)∥∥q(·)/αs(·)  2(1+ ε)s+ .
Letting ε → 0 gives ‖ f ‖s(·)  C . 
Let p(·) ∈ P(Rn) and k ∈ N. We deﬁne the Sobolev space with variable exponent Wk,p(·)(Rn) by
Wk,p(·)
(
R
n)= { f ; ∣∣∇ i f ∣∣ ∈ Lp(·)(Rn) if 0 i  k}
equipped with the norm
‖ f ‖k,p(·) =
∑
0ik
∣∣∣∣∣∣∇ i f ∣∣∣∣∣∣p(·).
Denote by Wk,p(·)0 (Rn) the closure of C∞0 (Rn) in Wk,p(·)(Rn). Note that if p+ < ∞ and p(·) ∈ B(Rn) then Wk,p(·)(Rn) =
Wk,p(·)0 (Rn) (see [22]). If p− = ∞ then the space Lp(·)(Rn) is nonseparable and Wk,p(·)(Rn) = Wk,p(·)0 (Rn) (see [18]).
Denote ‖ f ‖′k,p(·) = ‖ f ‖p(·) + |||∇k f |||p(·). From Theorem 1.1 and (2.3) we obtain
Corollary 3.2. Let p(·) ∈ B(Rn). Then on the space Wk,p(·)0 (Rn) the norms ‖ · ‖k,p(·) and ‖ · ‖′k,p(·) are equivalent.
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